Abstract. We consider compact locally conformal quaternion Kähler manifolds M . This structure defines on M a canonical foliation, which we assume to have compact leaves. We prove that the local quaternion Kähler metrics are Ricci-flat and allow us to project M over a quaternion Kähler orbifold N with fibers conformally flat 4-dimensional real Hopf manifolds. This fibration was known for the subclass of locally conformal hyperkähler manifolds; in this case we make some observations on the fibers' structure and obtain restrictions on the Betti numbers. In the homogeneous case N is shown to be a manifold and this allows a classification. Examples of locally conformal quaternion Kähler manifolds (some with a global complex structure, some locally conformal hyperkähler) are the Hopf manifolds quotients of H n −{0} by the diagonal action of appropriately chosen discrete subgroups of CO + (4).
Introduction
The oldest and simplest example of a complex manifold which does not admit any Kähler metric is the Hopf manifold H C = (C n − {0})/Γ 2 , Γ 2 generated by (z 1 , . . . , z n ) → (2z 1 , . . . , 2z n ). Since the conformal Kähler metric g = ( α z αzα ) −1 · α dz α ⊗ dz α on C n − {0} is invariant by Γ 2 , g induces a locally conformal Kähler metric on H C . The theory of locally conformal Kähler manifolds, initiated by I. Vaisman in 1976 and by now motivated by several significant examples, has been developed with more conclusive results for the subclass of generalized Hopf manifolds [Va1, Va3] . These are locally conformal Kähler manifolds with the parallelism condition of their Lee form, 1-form canonically associated to the structure. A survey of this theory is given in [Or] .
In quaternionic geometry one can consider the Hopf manifold H H = (H n − {0})/Γ 2 as one of the simplest examples of a hypercomplex manifold not admitting any hyperkähler metric. The same g as before (in quaternionic coordinates) is a locally conformal hyperkähler metric. In fact, the two well-known quaternionic analogues of complex Kähler manifolds, namely hyperkähler manifolds and quaternion Kähler manifolds, have as locally conformal correspondents the two classes which are the subject of this paper: locally conformal hyperkähler manifolds and the larger class of locally conformal quaternion Kähler manifolds.
Preliminaries
We recall the following definition from complex geometry. A complex Hermitian manifold (M 2n , g, J) is locally conformal Kähler (l.c.K.) if over open neighbourhoods {U i } covering M , g| Ui = e fi g i with g i Kähler and f i a C ∞ function on U i . This is equivalent to the condition:
where Ω is the Kähler form of g and the closed 1-form ω, locally defined by ω| Ui = df i , is called the Lee form. Hence, ω is exact iff M is globally conformal Kähler A significant subclass of l.c.K. manifolds is given by the generalized Hopf manifolds (see [Va4] ) defined by the stronger condition ∇ ω = 0. Note that on compact M this is not compatible with ω = df , i.e. with the g.c.K. condition. Moreover, on compact M , the generalized Hopf condition implies the vanishing of the Euler characteristic; thus not all manifolds carrying a l.c.K. metric may admit a generalized Hopf one. The following result yields a sufficient condition for a l.c.K. metric to be globally conformal with a generalized Hopf one: Theorem 1.3 ([Gau1] , [Gau2] To approach our subject, we recall the following terminology. Let M be a 4n-dimensional C ∞ manifold. A triple I 1 , I 2 , I 3 of global integrable complex structures on M satisfying the quaternionic identities: I α I β = I γ for (α, β, γ) = (1, 2, 3) and cyclic permutations, defines a hypercomplex structure on M . If a Riemannian metric g is added, assumed to be Hermitian with respect to I 1 , I 2 , I 3 , one gets a hyperhermitian manifold (M, g, I 1 , I 2 , I 3 ).
More generally, by (M, g, H) we denote a quaternion Hermitian manifold. Here H is a rank 3 subbundle of End(T M), locally spanned by (not necessarily integrable) almost complex structures I 1 , I 2 , I 3 , again satisfying the quaternionic identities and related on the intersections of trivializing open sets by matrices of SO(3). H defines on M a structure of quaternionic manifold and the local almost complex structures I 1 , I 2 , I 3 are said to be compatible with the quaternionic structure H. The additional datum of a metric g, Hermitian with respect to the local compatible almost complex structures, defines the quaternion Hermitian manifold (M, g, H) . Recall that the hyperhermitian or quaternion Hermitian metric g is said to be hyperkähler or quaternion Kähler if its Levi-Civita connection ∇ satisfies respectively ∇I α = 0 (α = 1, 2, 3) or ∇H ⊂ H. We can now define the two classes of manifolds that we will be concerned with in this paper.
In both cases we have a Lee form ω, locally defined by ω| Ui = df i and satisfying:
where Θ = α=1,2,3 Ω α ∧ Ω α is the (global) Kähler 4-form. Properties (1.5) for Θ are also sufficient for a hyperhermitian or quaternion Hermitian metric to be l.c.h.K. or l.c.q.K., respectively.
Then 
where L X is the Lie derivative and (α, β, γ) = (1, 2, 3) and cyclic permutations.
Proof. All the formulas are easily obtained from the case of complex generalized Hopf manifolds (cf. [Ch-Pi] , [Or] , [Va3] ) by choosing on the l.c.h.K. manifold the appropriate compatible complex structure. In particular, from (1.7.a), (1.7.c) we see that B, I α B are infinitesimal automorphisms of the quaternion Hermitian structure H ⊂ End(T M) of M, here globally spanned by I 1 , I 2 , I 3 (cf. [Pi] ).
For a l.c.q.K. manifold, the Weyl connection D can still be defined by the formula (1.2) in terms of the Lee 1-form of the structure. Yet D does not preserve in this case the compatible almost complex structures individually but only their 3-dimensional bundle H. In fact [Pe-Po-Sw]:
where λ, µ = 1, 2, 3 and (a λµ ) is a skew-symmetric matrix of local 1-forms. Accordingly, formulas (1.7.a)-(1.7.g) have corresponding l.c.q.K. ones (1.7.a )-(1.7.g ). For example, (1.7.b ) is obtained by adding (D X I α )Y = µ a αµ (X)I µ Y in the righthand side of (1.7.b).
We shall be interested in the properties of some canonically defined foliations F on l.c.h.K. and l.c.q.K. manifolds. Some convenient hypotheses on F have to be chosen in order to relate the geometry of M to that of the leaf space M/F. Two natural assumptions on F are: (i) F is regular in the sense of R. Palais (cf. [Pa] ), assuring that M/F is a C ∞ manifold; (ii) F has compact leaves, implying that M/F is an orbifold, i.e. a second countable Hausdorff space locally modelled on finite quotients of R n . We shall make on all foliations F the hypothesis (ii). This is, on one hand, a weaker assumption, providing more examples (see ) and on the other hand orbifolds seem to be a natural class to work with in quaternionic geometry.
We recall that a point p of an orbifold N is said to be regular if it has a neighborhood homeomorphic with R n , and singular if such a neighborhood does not exist. We refer to [Mo] for the formal definition and properties of orbifolds and to [Sat] for the generalization of geometric objects to the orbifold category.
Locally conformal quaternion Kähler manifolds
Let M be a compact l.c.q.K. manifold. As mentioned, we choose the metric g such that ∇ω = 0 and ω = 1. The vector fields B, I 1 B, I 2 B, I 3 B span a 4-dimensional distribution D that, by formula (1.7.d), is seen to be integrable (cf. 
Thus, since both ω and s are global on M , ω is exact, in contradiction with the assumption made after Corollary 1.6. If s
To see that g is bundle-like, as L B g = 0 by (1.7.a), we only have to compute
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Therefore, at regular points, N is a Riemannian manifold and the projection M → N is a Riemannian submersion. The Ricci tensors of M and N are related by
where A X is the O'Neill tensor acting on vertical vector fields by A X V = h∇ X V, h being the horizontal projector (cf. [Be] , p. 244). We have A X B = 0 and, from (1.7.b),
On the other hand, taking into account that the local quaternion Kähler metrics are Ricci-flat, on horizontal vector fields we have
Remark 2.2. A consequence of the above result is that on compact l.c.q.K. manifolds one may always assume the neighbourhoods U i to be simply connected and the local compatible almost complex structures to be integrable and parallel. However, the existence of a global hypercomplex structure on M is not implied (cf. examples in §6). Note that with respect to local parallel compatible I 1 , I 2 , I 3 the matrix (a λµ ) in formula (1.8) vanishes. Therefore, with this choice, formulas (1.7.a),. . . ,(1.7.g) can be applied without modifications also to compact l.c.q.K. manifolds.
A characterization of quaternion Kähler manifolds in the larger class of l.c.q.K. manifolds (here not necessarily nonglobally conformal) is given as follows. Cf. [Va2] for the complex case.
Proposition 2.3. A locally conformal quaternion Kähler manifold (M 4n , g, H), n ≥ 2, is quaternion Kähler if and only if through each point of it there exists a totally geodesic submanifold Q of real dimension 4h ≥ 8, which is quaternion Kähler with respect to the structure induced on it by (g, H).
Proof. The relation between the second fundamental forms b i and b of a submanifold with respect to the metrics g i and g is easily seen to be
where B ν is the part of B normal to the submanifold. Let q ∈ M and Q a quaternion Kähler submanifold as in the statement. Let j be the immersion of Q in M . Then j * dΘ = 0; thus (cf. (1.5)) j * ω ∧ j * Θ = 0. As rank j * Θ = 4h ≥ 8, necessarily j * ω = 0. It follows that the Lee vector field B is normal to Q; hence B = B ν . Further, j * ω = 0 shows also that Q ∩ U i is a quaternionic submanifold of the quaternion Kähler manifold (U i , g i ). Since quaternionic submanifolds of quaternion Kähler manifolds are known to be totally geodesic (cf. for example [Gr] ), this is the case for Q ∩ U i in U i with respect to g i . Thus b = −g ⊗ B on Q ∩ U i . But b = 0 from the assumption; thus B = 0 on Q ∩ U i . Since such a Q exists through any point q ∈ M , it follows that B ≡ 0 on M; i.e. g is a quaternion Kähler metric. The converse part is clear with Q = M .
Locally conformal hyperkähler manifolds
Let M now be a compact l.c.h.K. manifold, D the 4-dimensional foliation on M defined in §2 and D ⊥ its orthogonal complement. The structure of M has been described in [Pe-Po-Sw] and can be related to 3-Sasakian manifolds. The latter were extensively studied in the recent paper ; their consideration goes back to the seventies, starting with [Ud] (who introduced them as coquaternionic manifolds) and [Ku] . [Bo] . They are in fact tangent to the Lee vector field B = ω , and hence carry a structure of hyperhermitian nonhyperkähler 4-dimensional manifold. As for (ii), observe that a submanifold M ⊥ of M is an integral manifold of D ⊥ if and only if ω and I α ω are zero on M ⊥ . On such an integral submanifold dI α ω is then also zero. Then formula (1.7.f) implies that I α X is normal to M ⊥ for all the X tangent to M ⊥ . The last assertion then follows.
Here integrable hypercomplex structure is intended in the sense of G-structures, i.e. of the existence of a local quaternionic coordinate such that the differential of the change of coordinate belongs to H * . For further use we recall the following: (ζ 3 + ζ 3 j); I 120 , the icosahedral group generated by 
and for basic X, Y, Z the right-hand side vanishes (1.7.b). The parallelism of Θ N then follows.
The result holds also for dim M = 8 (cf. Remark 3.9(i)). Note that, according to Proposition 2.3, the fibration M → N can never be trivial. Proof. Fix q ∈ Z J . Its counterimage on M is a complex torus on a well-determined hypercomplex Hopf surface S, leaf of D. If r is the image of S on N , then q → r defines a Riemannian submersion π : Z J → N and p = π • ρ. As the image of S under ρ is a sphere S 2 , π naturally realizes Z J as the total space of a S 2 -bundle over N . The fixed complex structure J on M projects on Z J under ρ but not on N under π. However, once a q in Z J is chosen, J defines a compatible complex structure K q ∈ H r ⊂ End(T r N ) by: K q X = π * J X q , X q being the horizontal lift at q of X ∈ T r N . This identifies the complex structure of Z J with that of the twistor space Z of N .
We now consider the foliation B generated on M by the Lee vector field B and its orthogonal complement B ⊥ . The integrability of B ⊥ is assured by dω = 0.
Proposition 3.6. B ⊥ is a totally geodesic Riemannian foliation. Its leaves have an induced structure of 3-Sasakian manifolds.
In fact, each generalized Hopf structure (M, g, I α ) induces a Sasakian structure on the leaves. The three Killing vector fields I α B restricted to each leaf are related by the formulas
This is precisely the definition of a 3-Sasakian structure. Then, using the results of On the other hand, by , also 3-Sasakian manifolds fiber on quaternion Kähler orbifolds of positive scalar curvature with 3-dimensional homogeneous spherical space forms S 3 /Γ as fibers. Note that Γ is then one of the groups: 
The fibres of M → N are Kato's integrable hypercomplex Hopf surfaces
S 1 ×S 3
G , not necessarily primary and not necessarily all homeomorphic.
(
ii) Conversely, given a quaternion Kähler manifold N of positive scalar curvature, there exists a commutative diagram as above with manifolds M , Z , P respectively, locally conformal hyperkähler, Kähler-Einstein and 3-Sasakian and with fibers as described with
Proof. For the possibility of having nonprimary and nonequivalent fibers cf. Remark 3.4 and the example at the end of §6. As for statement (ii) consider the principal SO(3)-bundle P → N associated to H → N . Then P has an associated 3-Sasakian structure and any flat principal S 1 -bundle M → P can be chosen to complete the diagram together with the twistor space of N . The obstruction to lifting P → N to a principal S 3 -bundle is the Marchiafava-Romani class ε ∈ H 2 (N ; Z 2 ) [Ma-Ro] . Note that all arrows appearing in the diagram are canonical, except M → Z, which depends on the choice of a compatible complex structure on M .
Remark 3.9. (i) This diagram holds also if dim(M ) = 8. In this case N is still Einstein by the above discussion. The integrability of the complex structure on its twistor space implies it is also self-dual (cf. [Be] ). Then just recall that a 4-dimensional N is usually defined to be quaternionic Kähler if it is Einstein and self-dual.
(ii) It is proved in ] that in every dimension 4k − 5, k ≥ 3, there are infinitely many distinct homotopy types of complete inhomogeneous 3-Sasakian manifolds. Thus, by simply making the product with S 1 , we obtain infinitely many nonhomotopically equivalent examples of compact l.c.h.K. manifolds.
A first consequence of this diagram in Theorem 3.8 concerns cohomology. Here we restrict to manifolds, thus assuming all foliations regular in Palais' sense.
Note first that the property ∇ω = 0 implies the vanishing χ(M ) = 0 of the Euler characteristic. Then, applying twice the Gysin sequence in the upper triangle one finds the relations between the Betti numbers of M and Z [Va3]:
On the other hand, since N has positive scalar curvature, both N and its twistor space Z have zero odd Betti numbers [Be] . The Gysin sequence of the fibration Z → N then yields
Together with (3.10) this implies (ii) Let M be a 4n-dimensional C ∞ manifold that admits a locally and nonglobally conformal hyperkähler structure (I 1 , I 2 , I 3 , g ). Then, for n even, M cannot admit any quaternion Kähler structure and, for n odd, any quaternion Kähler structure of positive scalar curvature.
The homogeneous case
We call M a locally conformal hyperkähler homogeneous manifold if there exists a Lie group which acts transitively and effectively on the left on M by hypercomplex isometries. Proof. Let J ∈ H be a compatible complex structure on M . Then (M, g, J) is a generalized Hopf homogeneous manifold and by [Va4, Theorem 3 .2] we have the regularity of both the foliations V J and B. Therefore, M projects on homogeneous manifolds Z J and P . In particular, the projections of I α B on P are regular Killing vector fields. Then Lemma 11.2 in [Ta] assures that the 3-dimensional foliation spanned by the projections of I 1 B, I 2 B, I 3 B is regular. This, in turn, implies that N is a homogeneous manifold; thus D is regular on M .
Note that Theorem 4.1 implies in particular that all the leaves of the foliations involved are compact (cf. [Pa] ).
Starting with the Wolf classification of quaternion Kähler homogeneous manifolds, it is possible to classify 3-Sasakian homogeneous manifolds . This applies to our context and gives:
Proposition 4.2. The class of complex locally conformal hyperkähler homogeneous manifolds coincides with that of flat principal S
1 -bundles over one of the following 3-Sasakian homogeneous manifolds:
The flat principal S 1 -bundles over P are characterized by having zero or torsion Chern class c 1 ∈ H 2 (P ; Z) and are classified by it. The integral H 2 of the 3-Sasakian homogeneous manifolds can be computed by the following argument, suggested to the authors by Krzysztof Galicki. Look at the long homotopy exact sequence
for the 3-Sasakian homogeneous manifolds G/H listed in Proposition 4.2. Since π 2 (G) = 0 for any compact Lie group G, one obtains the following isomorphisms : 
(ii) The Möbius band, unique nontrivial principal S 1 -bundle over RP 4n−1 .
For example in dimension 8 one obtains S
1 and the Möbius band over RP 7 . The first exceptional example appears in dimension 12: the trivial bundle {G 2 /Sp(1)} × S 1 whose 3-Sasakian base is diffeomorphic to the Stiefel manifold V 2 (R 7 ) of the orthonormal 2-frames in R 7 .
The locally conformal quaternion Kähler fibration
The structure Theorem 3.8 on compact locally conformal hyperkähler manifolds allows us to give a precise description of the more general case of compact locally conformal quaternion Kähler manifolds M . In fact, by referring to the fibrations of Theorem 2.1 we obtain: The integrability of the quaternionic structure is here understood in the sense of the G-structures; i.e. an atlas of quaternionic coordinates is required to exist such that the jacobians of the changes of coordinates belong to GL(1, H) · Sp(1). Statement 5.1 then yields examples of such integrable structures. Note that, in accordance with a well-known result by Marchiafava-Kulkarni, the universal covering is an open subset of HP n (cf. [Ma] or [Be] , Theorem 14.64).
Proof. 
Thus, the curvature of the Weyl connection vanishes on F . This proves that F is conformally flat. Furthermore, the well-known formula connecting the curvature tensors of two conformal metrics now gives the form of the curvature tensor R 0 (we again use the fact that F is totally geodesic):
It follows that the Ricci tensor S 0 = g 0 −ω 0 ⊗ω 0 is g 0 -parallel and that the sectional curvature is ≥ 0 and strictly positive on an {I α B 0 , I β B 0 }-plane. The universal Riemannian coverings of conformally flat Riemannian manifolds with parallel Ricci curvature have been classified by J. Lafontaine in [La] . By the above curvature discussion and the reducibility of F , due to ∇B 0 = 0, we conclude that F is R × S 3 , isometric with R 4 − {0} with the conformally flat metric g = (hh) −1 dh ⊗ dh. Riemannian manifolds with universal covering R n − {0} have been considered in the contexts of local similarity manifolds [Va-Re] and, in dimension n = 4, of Einstein-Weyl structures [Gau2] . In fact, it is proved in [Va-Re] that the curvature formula (5.2) implies that the allowed groups G of covering transformations of R 4 − {0} consists of conformal transformations
where ρ > 0 and a i j ∈ SO(4). More precisely,
where t 0 is a conformal transformation with maximal module 0 < ρ < 1 and H is one of the finite subgroups of U (2) classified by M. Kato [Ka1] . To conclude that F has an induced integrable quaternionic structure one has only to recall that the conformal group CO + (4) of transformations (5.3) coincides with the 1-dimensional quaternionic group GL(1, H) · Sp(1). Accordingly, we call a real 4-dimensional Hopf manifold any quotient of R 4 −{0} by one of the discrete groups G ⊂ CO + (4) described above. Therefore, the leaves F of the foliation D on a compact l.c.q.K. manifold are such and, in particular, they may be complex Hopf surfaces (cf. Proposition 6.1) or hypercomplex Hopf surfaces as in the l.c.h.K. case.
Examples: hypercomplex and quaternionic Hopf manifolds
We now describe some natural examples of 4n-dimensional l.c.q.K. manifolds. We already noted that any real 4-dimensional Hopf manifold is an integrable quaternionic Hopf 4-manifold, i.e. a quotient of H−{0} ≡ R 4 −{0} by a discrete subgroup Proof. In fact, in the general case, G turns out to be a discrete subgroup of GL(n, H) · Sp(1), thus preserving the quaternionic structure of the universal covering. The structure of the leaves follows from Theorem 5.1. Since the two factors GL(n, H) and Sp(1) act respectively on the left and on the right of the quaternionic coordinates of H n − {0}, the induced action of G on the projective space HP n−1 identifies each point of it with finitely many other points, fixing those which can be represented in real coordinates. In the case (i), G is a subgroup of GL(n, H), thus preserving the hypercomplex structure of the universal covering and inducing the same structure on the leaves (cf. Proposition 3.1). The equality N = HP n−1 follows as in Proposition 3.3, where the group Γ 2 is replaced by Γ c . The case (ii) is obtained by the inclusion GL(n, H) · U (1) ⊂ GL(2n, C), assuring the existence of a global integrable complex structure on M and on the leaves of D. These are real Hopf 4-manifolds with a complex structure, hence complex Hopf surfaces, as classified in [Ka1] . The induced action of G in this case fixes all the points of complex coordinates.
We point out that quaternionic Kähler orbifolds that are finite quotients of 
